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LOCAL SYSTEMS OF TWISTED VERTEX OPERATORS,
VERTEX OPERATOR SUPERALGEBRAS AND TWISTED
MODULES
HAI-SHENG LI
Abstract. We introduce the notion of “local system of ZT -twisted vertex
operators” on a Z2-graded vector space M , generalizing the notion of local
system of vertex operators [Li]. First, we prove that any local system of
ZT -twisted vertex operators on M has a vertex superalgebra structure with
an automorphism σ of order T with M as a σ-twisted module. Then we
prove that for a vertex (operator) superalgebra V with an automorphism σ
of order T , giving a σ-twisted V -module M is equivalent to giving a vertex
(operator) superalgebra homomorphism from V to some local system of ZT -
twisted vertex operators onM . As applications, we study the twisted modules
for vertex operator (super)algebras associated to some well-known infinite-
dimensional Lie (super)algebras and we prove the complete reducibility of ZT -
twisted modules for vertex operator algebras associated to standard modules
for an affine Lie algebra.
1. Introduction
In [Li], motivated by [G] we introduced the notion of local system of vertex
operators and proved that any local system of vertex operators on a super vector
space M has a vertex superalgebra structure with M as a module, so that if V
is a vertex (operator) superalgebra, then giving a V -module M is equivalent to
giving a vertex superalgebra homomorphism from V to some local system of vertex
operators onM . Similar to the notion of local system of vertex operators, the notion
of commutative quantum operator algebra was introduced in [LZ1-2]. For a vertex
(operator) superalgebra V , in addition to having module theory, more generally we
have twisted module theory ([D], [FFR], [FLM]). In this paper, generalizing the
notion of local system of vertex operators ([G], [Li]), we introduce the notion of
what we call “local system of ZT -twisted vertex operators” on a Z2-graded vector
space M and we prove similar results.
Let M be a Z2-graded vector space and let T be a fixed positive integer. A
weak ZT -twisted vertex operator on M is a formal series a(z) ∈ (EndM)[[z 1T , z− 1T ]]
satisfying a(z)u ∈ M((z 1T )) for any u ∈ M . Let F (M,T ) be the vector space of
all weak ZT -twisted vertex operators on M . Set ε = exp
(
2π
√−1
T
)
. Let σ be the
endomorphism of (EndM)[[z
1
T , z−
1
T ]] defined by: σf(z
1
T ) = f(ε−1z
1
T ). Then σ is
an automorphism of F (M,T ) of order T . For any integer n, set
F (M,T )n = {f(z 1T ) ∈ F (M,T )|σf(z 1T ) = εnf(z 1T )}. (1.1)
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Then z
n
T F (M,T )n ⊆ (EndM)[[z, z−1]] and F (M,T )n = F (M,T )T+n for any n ∈
Z. Thus
F (M,T ) = F (M,T )0 ⊕ F (M,T )1 ⊕ · · · ⊕ F (M,T )T−1, (1.2)
so that F (M,T ) is a (Z2 × ZT )-graded vector space.
We define a local subspace of F (M,T ) to be a (Z2 × ZT )-graded subspace A such
that for any two Z2-homogeneous elements a(z) and b(z) of A, there is a positive
integer m such that
(z1 − z2)ma(z1)b(z2) = (−1)|a(z)||b(z)|(z1 − z2)mb(z2)a(z1), (1.3)
where |a(z)| = 0 if a(z) is even, |a(z)| = 1 if a(z) is odd. And we define a local
system of ZT -twisted vertex operators onM to be a maximal local (graded) subspace
of F (M,T ).
Let M be a Z2-graded vector space and let A be a local system of ZT -twisted
vertex operators on M . Then σ is an automorphism of A such that σT = IdA. Set
Ak = A ∩ F (M,T )k for any integer k. Similar to the untwisted case, the “multi-
plication” for twisted vertex operators comes from the twisted iterate formula. For
any a(z) ∈ Ak, b(z) ∈ A and any integer n ∈ Z, a(z)nb(z) as an element of F (M,T )
is defined by:
Y (a(z), z0)b(z)
=:
∑
n∈Z
(a(z)nb(z))z
−n−1
0
= Resz1
(
z1 − z0
z
) k
T
(
z−10 δ
(
z1 − z
z0
)
a(z1)b(z)− z−10 δ
(
z − z1
−z0
)
b(z)a(z1)
)
.
(1.4)
As in the untwisted case [Li], we first prove that A is closed under the “multipli-
cation” (1.4) (Proposition 3.9). Then we prove that A under the “adjoint action”
(1.4) is a local system of (untwisted) vertex operators on A (Proposition 3.13).
By Proposition 2.5 (recalled from [Li]), A is a vertex superalgebra with a natural
automorphism σ such that σT = IdA. Furthermore, since the supercommutativity
and the twisted iterate formula imply the twisted Jacobi identity (for a twisted
module), M is a σ-twisted module for the vertex superalgebra (Theorem 3.14). Let
V be a vertex superalgebra with an automorphism σ of order T . Then we prove
that giving a σ-twisted V -module M is equivalent to giving a vertex superalgebra
homomorphism from V to some local system of ZT -twisted vertex operators on M
(Proposition 3.17).
LetM be any Z2-graded vector space and let S be any set of mutually local homo-
geneous ZT -twisted vertex operators onM . It follows from Zorn’s lemma that there
exists a local system A containing S. Therefore, S generates (inside A under the
twisted “multiplication” (1.4)) a vertex superalgebra with σ as an automorphism
such that M is a σ-twisted module (Corollary 3.15). Since the “multiplication”
(1.4) does not depend on the choice of the local system A, the vertex superalgebra
〈S〉 is canonical, so that we can speak about the vertex superalgebra generated by
S.
To describe our results, for simplicity, we consider a special case. Let g be a
finite-dimensional simple Lie algebra with a fixed Cartan subalgebra h. Let 〈·, ·〉 be
the normalized Killing form on g such that the square of the length of the longest
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root is 2. It has been proved ([DL], [FZ], [Li], [Lia]) that the generalized Verma
g˜-moduleMg(ℓ,C) has a natural vertex operator algebra structure for any ℓ 6= −Ω.
Let σ be an automorphism of g of order T . Let M be any restricted module of level
ℓ for the twisted affine Lie algebra g˜[σ]. By considering the generating function
a(z) =
∑
n∈Z(t
n+ j
T )z−n−1−
j
T for a ∈ gj as an element of F (M,T ), we obtain a
local subspace {a(z)|a ∈ g}, so that {a(z)|a ∈ g} generates a vertex algebra V with
M as a σ-twisted module. Since V is a quotient vertex algebra of Mg(ℓ,C), M is
a weak σ-twisted Mg(ℓ,C)-module.
Let g be a finite-dimensional simple Lie algebra and let ℓ be a positive inte-
ger. It has been proved ([DL], [FZ], [Li]) that any lower truncated Z-graded weak
Lg(ℓ, 0)-module is a direct sum of standard g˜-modules of level ℓ and that the set of
equivalence classes of irreducible Lg(ℓ, 0)-modules is exactly the set of equivalence
classes of standard g˜-modules of level ℓ. Let µ be a Dynkin diagram automor-
phism of g. Then using a similar method used for ordinary V -modules ([DL], [Li])
we prove that any lower truncated 1
T
Z-graded weak µ-twisted Lg(ℓ, 0)-module is
completely reducible and that the set of irreducible µ-twisted Lg(ℓ, 0)-modules is
exactly the set of the standard g˜[µ]-modules of level ℓ (Theorem 5.8).
Let σ be any automorphism of order T of g. By [K], σ is conjugate to an
automorphism µσh, where µ is a Dynkin diagram automorphism of g and σh is an
inner automorphism of g associated with an element h of the Cartan subalgebra h
such that σ(h) = h. If two automorphisms σ1 and σ2 of a vertex operator algebra
V are conjugate each other, it is clear that the equivalence classes of σ1-twisted V -
modules one-to-one correspond to the equivalence classes of σ2-twisted V -modules.
In the Lie algebra level, it is well-known ([K], [H]) that the twisted affine Lie algebras
g˜[µ] and g˜[µσh] are isomorphic each other, so that the equivalence classes of g˜[µ]-
modules one-to-one correspond to the equivalence classes of g˜[µσh]-modules. But
it is not obvious that we have a one-to-one correspondence between the equivalence
classes of µ-twisted Lg(ℓ, 0)-modules and the equivalence classes of (µσh)-twisted
Lg(ℓ, 0)-modules. In Section 5, such a one-to-one correspondence is established as
a corollary of Proposition 5.4. Moreover, Proposition 5.4 has also its own interest.
We will study certain applications of Proposition 5.4 in a coming paper. In this way,
we show that for any automorphism σ of g, any lower truncated ( 1
T
Z)-graded weak
σ-twisted Lg(ℓ, 0)-module is completely reducible and that there are only finitely
many irreducible σ-twisted Lg(ℓ, 0)-modules up to equivalence.
This paper is organized as follows: Section 2 is a preliminary section. In Section
3 we introduce local systems of ZT -twisted vertex operators. In Section 4 we study
ZT -twisted modules for vertex operator superalgebras associated to the Neveu-
Schwarz algebra and an affine Lie superalgebra. In Section 5 we give the semisimple
twisted module theory for vertex operator algebras associated to standard modules
for an affine Lie algebra.
Acknowledgment We would like to thank Professors Chongying Dong, James
Lepowsky and Robert Wilson for many useful discussions.
2. Vertex superalgebras and twisted modules
In this section, we review the definitions of vertex (operator) superalgebra and
twisted module and we also present some elementary results.
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Let z, z0, z1, · · · be commuting formal variables. For a vector space V , we recall
the following notations and formal variable calculus from [FLM]:
V {z} = {
∑
n∈C
vnz
n|vn ∈ V }, V [[z, z−1]] = {
∑
n∈Z
vnz
n|vn ∈ V }, (2.1)
V [z] = {
∑
n∈N
vnz
n|vn ∈ V, vn = 0 for n sufficiently large}, (2.2)
V [z, z−1] = {
∑
n∈Z
vnz
n|vn ∈ V, vn = 0 for all but finitely many n}, (2.3)
V [[z]] = {
∑
n∈N
vnz
n|vn ∈ V }, (2.4)
V ((z)) = {
∑
n∈Z
vnz
n|vn ∈ V, vn = 0 for n sufficiently small}. (2.5)
For f(z) =
∑
n∈Z vnz
n ∈ V [[z, z−1]], the formal derivative is defined to be
d
dz
f(z) = f ′(z) =
∑
n∈Z
nvnz
n−1, (2.6)
and the formal residue is defined as follows:
Reszf(z) = v−1 (the coefficient of z−1 in f(z)). (2.7)
If f(z) ∈ C((z)), g(z) ∈ V ((z)), we have:
Resz(f
′(z)g(z)) = −Resz(f(z)g′(z)). (2.8)
For α ∈ C, as a formal power series, (z1 + z2)α is defined to be
(z1 + z2)
α =
∞∑
k=0
(
α
k
)
zα−k1 z
k
2 , (2.9)
where
(
α
k
)
=
α(α− 1) · · · (α− k + 1)
k!
. If f(z) ∈ V {z}, then we have the follow-
ing Taylor formula:
ez0
∂
∂z f(z) = f(z + z0). (2.10)
The formal δ-function is defined to be
δ(z) =
∑
n∈Z
zn ∈ C[[z, z−1]]. (2.11)
Thus
δ
(
z1 − z2
z0
)
=
∑
n∈Z
z−n0 (z1 − z2)n =
∑
n∈Z
∑
k∈N
(−1)k
(
n
k
)
z−n0 z
n−k
1 z
k
2 . (2.12)
Furthermore, for α ∈ C, we have:
z−10 δ
(
z1 − z2
z0
)(
z1 − z2
z0
)α
= z−11 δ
(
z0 + z2
z1
)(
z0 + z2
z1
)−α
. (2.13)
Lemma 2.1. [FLM] If f(z1, z2) ∈ V [[z1, z−11 ]]((z2)), then
δ
(
z0 + z2
z1
)
f(z1, z2) = δ
(
z0 + z2
z1
)
f(z0 + z2, z2). (2.14)
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Lemma 2.2. Let m,n ∈ Z+ such that m > n. Then
(z1 − z2)mδ(n)
(
z1
z2
)
= 0. (2.15)
Proof. It easily follows from Lemma 2.1 and an induction on n. ✷
Lemma 2.3. Let V be any vector space, let α and β be rational numbers and let
fj(z2) (j = 0, · · · , n) be elements of V ((zβ2 )). Let
g(z1, z2) = z
−1
2 δ
(
z1
z2
)(
z1
z2
)α
. (2.16)
Then
g(z1, z2)f0(z2)+
(
∂
∂z2
g(z1, z2)
)
f1(z2)+· · ·+
(
∂n
∂zn2
g(z1, z2)
)
fn(z2) = 0 (2.17)
if and only if fj(z2) = 0 for all j.
Proof. First, we prove that for any nonnegative integer k we have:(
∂
∂z2
)k
g(z1, z2) = (−1)k
(
∂
∂z1
)k
g(z1, z2). (2.18)
Using definition, we have:
∂
∂z2
g(z1, z2) = − ∂
∂z1
g(z1, z2). (2.19)
Then (2.18) easily follows from an induction on k. Suppose fj(z2) 6= 0 for some j.
Without losing generality, we may assume fn(z2) 6= 0. Applying Resz1z−α1 (z1−z2)n
to (2.17), then using Leibniz rule and Lemma 2.2 we obtain:
0 = Resz1z
−α
1 (z1 − z2)n
(
∂n
∂zn2
g(z1, z2)
)
fn(z2)
= (−1)nResz1z−α1 (z1 − z2)n
(
∂n
∂zn1
g(z1, z2)
)
fn(z2)
= Resz1
(
∂n
∂zn1
z−α1 (z1 − z2)n
)
g(z1, z2)fn(z2)
= n!z−α2 fn(z2). (2.20)
It is a contradiction. ✷
Let M = M (0) ⊕M (1) be any Z2-graded vector space. Then any element u in
M (0) (resp. M (1)) is said to be even (resp. odd). For any homogeneous element
u, we define |u| = 0 if u is even, |u| = 1 if u is odd. If M and W are any two
Z2-graded vector spaces, we define εu,v = (−1)|u||v| for any homogeneous elements
u ∈M, v ∈W .
Definition 2.4. A vertex superalgebra is a quadruple (V,1, D, Y ), where V =
V (0) ⊕ V (1) is a Z2-graded vector space, D is a Z2-endomorphism of V , 1 is a
specified vector called the vacuum of V , and Y is a linear map
Y (·, z) : V → (EndV )[[z, z−1]];
a 7→ Y (a, z) =
∑
n∈Z
anz
−n−1 (where an ∈ EndV ) (2.21)
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such that
(V 1) For any a, b ∈ V, anb = 0 for n sufficiently large;
(V 2) [D,Y (a, z)] = Y (D(a), z) =
d
dz
Y (a, z) for any a ∈ V ;
(V 3) Y (1, z) = IdV (the identity operator of V );
(V 4) Y (a, z)1 ∈ (EndV )[[z]] and lim
z→0
Y (a, z)1 = a for any a ∈ V ;
(V 5) For Z2 -homogeneous a, b ∈ V, the following Jacobi identity holds:
z−10 δ
(
z1 − z2
z0
)
Y (a, z1)Y (b, z2)− εa,bz−10 δ
(
z2 − z1
−z0
)
Y (b, z2)Y (a, z1)
= z−12 δ
(
z1 − z0
z2
)
Y (Y (a, z0)b, z2). (2.22)
This completes the definition of vertex superalgebra. For any Z2-homogeneous
elements a, b ∈ V , there is a positive integer m such that (cf. [DL], [Li])
(z1 − z2)mY (a, z1)Y (b, z2) = εa,b(z1 − z2)mY (b, z2)Y (a, z1). (2.23)
A vertex superalgebra V is called a vertex operator superalgebra (cf. [T], [FFR],
[DL]) if there is another distinguished vector ω of V such that
(V 6) [L(m), L(n)] = (m− n)L(m+ n) + m
3 −m
12
δm+n,0(rankV )
for m,n ∈ Z, where Y (ω, z) =
∑
n∈Z
L(n)z−n−2, rankV ∈ C;
(V 7) L(−1) = D, i.e., Y (L(−1)a, z) = d
dz
Y (a, z) for any a ∈ V ;
(V 8) V =⊕n∈ 12ZV(n) is
1
2
Z-graded such that L(0)|V(n)=nIdV(n) , dimV(n)<∞,
and V(n) = 0 for n sufficiently small.
Recall the following proposition from [FLM], [FHL], [DL] and [Li]:
Proposition 2.5. The Jacobi identity for vertex superalgebra can be equivalently
replaced by the supercommutativity (2.23).
Let V1 and V2 be vertex superalgebras. A vertex superalgebra homomorphism
from V1 to V2 is a linear map σ such that
σ(1) = 1, σ(Y (a, z)b) = Y (σ(a), z)σ(b) for any a, b ∈ V1. (2.24)
If both V1 and V2 are vertex operator superalgebras, a homomorphism is required to
map the Virasoro element of V1 to the Virasoro element of V2. An automorphism
of a vertex (operator) superalgebra V is 1-1 onto homomorphism from V to V .
Let σ be an automorphism of order T of a vertex superalgebra V . Then σ acts
semisimply on V . Therefore
V = V 0 ⊕ V 1 ⊕ · · · ⊕ V T−1 (2.25)
where V k is the eigenspace of V for σ with eigenvalue exp
(
2kπ
√−1
T
)
. It is clear
that V 0 is a vertex subsuperalgebra of V and all V k (k = 0, 1, · · · , T − 1) are
V 0-modules.
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Definition 2.6. Let (V,1, D, Y ) be a vertex superalgebra with an automorphism
σ of order T . A σ-twisted V -module is a triple (M,d, YM ) consisting of a super
vector space M , a Z2-endomorphism d of M and a linear map YM (·, z) from V to
(EndM)[[z
1
T , z−
1
T ]] satisfying the following conditions:
(M1) For any a ∈ V, u ∈M,anu = 0 for n ∈ 1T Z sufficiently large;
(M2) YM (1, z) = IdM ;
(M3) [d, YM (a, z)] = YM (D(a), z) =
d
dz
YM (a, z) for any a ∈ V ;
(M4) For any Z2-homogeneous a, b ∈ V , the following σ-twisted Jacobi identity
holds:
z−10 δ
(
z1 − z2
z0
)
YM (a, z1)YM (b, z2)− εa,bz−10 δ
(
z2 − z1
−z0
)
YM (b, z2)YM (a, z1)
= z−12
T−1∑
j=0
1
T
δ
((
z1 − z0
z2
) 1
T
)
YM (Y (σ
ja, z0)b, z2). (2.26)
If V is a vertex operator superalgebra, a σ-twisted V -module for V as a vertex
superalgebra is called a σ-twisted weak module for V as a vertex operator superalge-
bra. A σ-twisted weak V -module M is said to be 12T Z-graded if M = ⊕n∈ 12T ZM(n)
such that
(M5) anM(r) ⊆M(r +m− n− 1) for a ∈ V(m),m ∈ Z, n ∈
1
T
Z, r ∈ 1
2T
Z.
A σ-twisted module M for V as a vertex superalgebra is called a σ-twisted module
for V as a vertex operator superalgebra if M = ⊕α∈CM(α) such that
(M6) L(0)u = αu for α ∈ C, u ∈M(α);
(M7) For any fixed α,M(α+n) = 0 for n ∈ 12T Z sufficiently small;
(M8) dimM(α) <∞ for any α ∈ C.
It is clear that any σ-twisted module is a direct sum of 12T Z-graded σ-twisted
modules.
Remark 2.7. As in the untwisted case, the Virasoro algebra relation follows from
(M2)-(M4).
If a ∈ V k is even or odd, the σ-twisted Jacobi identity (2.26) becomes:
z−10 δ
(
z1 − z2
z0
)
YM (a, z1)YM (b, z2)− εa,bz−10 δ
(
z2 − z1
−z0
)
YM (b, z2)YM (a, z1)
= z−12 δ
(
z1 − z0
z2
)(
z1 − z0
z2
)− k
T
YM (Y (a, z0)b, z2). (2.27)
Setting b = 1, we get
z−12 δ
(
z1 − z0
z2
)
YM (a, z1) = z
−1
2 δ
(
z1 − z0
z2
)(
z1 − z0
z2
)− k
T
YM (Y (a, z0)1, z2). (2.28)
By taking Resz0z
−1
0 , we obtain
z−12 δ
(
z1
z2
)
YM (a, z1) = z
−1
2 δ
(
z1
z2
)(
z1
z2
)− k
T
YM (a, z2). (2.29)
Therefore
z
k
T YM (a, z) ∈ (EndM)[[z, z−1]] for any a ∈ V k. (2.30)
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Taking Resz0 of (2.27), we obtain the twisted supercommutator formula:
[YM (a, z1), YM (b, z2)]±
=: YM (a, z1)YM (b, z2)− εa,bYM (b, z2)YM (a, z1)
= Resz0z
−1
2 δ
(
z1 − z0
z2
)(
z1 − z0
z2
)− k
T
YM (Y (a, z0)b, z2)
=
∞∑
j=0
1
j!
((
∂
∂z2
)j
z−11 δ
(
z2
z1
)(
z2
z1
) k
T
)
YM (ajb, z2). (2.31)
Then we get the same supercommutativity as the one in the untwisted case. Mul-
tiplying (2.27) by
(
z1 − z0
z2
) k
T
, then taking Resz1 , we obtain the twisted iterate
formula:
YM (Y (a, z0)b, z2) = Resz1
(
z1 − z0
z2
) k
T
·X (2.32)
where
X=z−10 δ
(
z1 − z2
z0
)
YM (a, z1)YM (b, z2)− εa,bz−10 δ
(
z2 − z1
−z0
)
YM (b, z2)YM (a, z1).
Let r be a positive integer such that the supercommutativity (2.23) holds. Then
zr0X = (z1 − z2)rX
= z−12 δ
(
z1 − z0
z2
)
((z1 − z2)rYM (a, z1)YM (b, z2)) . (2.33)
Thus
zr0(z2 + z0)
k
T YM (Y (a, z0)b, z2)
= Resz1z
−1
2 δ
(
z1 − z0
z2
)(
z1 − z0
z2
) k
T
(z2 + z0)
k
T ((z1 − z2)rYM (a, z1)YM (b, z2))
= Resz1z
−1
1 δ
(
z2 + z0
z1
)(
z2 + z0
z1
)− k
T
(z2 + z0)
k
T ((z1 − z2)rYM (a, z1)YM (b, z2))
= Resz1z
−1
1 δ
(
z2 + z0
z1
)
((z1 − z2)rY oM (a, z1)YM (b, z2))
= (zr0Y
o
M (a, z2 + z0)YM (b, z2)) , (2.34)
where Y oM (a, z) = z
k
T YM (a, z) ∈ (EndM)[[z, z−1]]. For any u ∈ M , let k be a
positive integer such that zkY oM (a, z)u ∈M [[z]]. Then we obtain
(z2 + z0)
k
T (z0 + z2)
kzr0YM (Y (a, z0)b, z2)u
= zr0(z0 + z2)
kY oM (a, z0 + z2)YM (b, z2)u. (2.35)
Multiplying both sides by z−r0 , we obtain the following twisted associativity:
(z0 + z2)
k(z2 + z0)
k
T YM (Y (a, z0)b, z2)u
= (z0 + z2)
kY oM (a, z0 + z2)YM (b, z2)u. (2.36)
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Lemma 2.8. Let σ be an automorphism of order T of a vertex superalgebra V .
Then the σ-twisted Jacobi identity (2.26) can be equivalently replaced by the super-
commutativity and the σ-twisted associativity (2.36).
Proof. For any homogeneous a, b ∈ V, u ∈ M , let m be a positive integer
such that both the supercommutativity and the twisted associativity hold and that
zmY oM (a, z)u involves only positive powers of z. Then
zm0 z
m
1 z
−1
0 δ
(
z1 − z2
z0
)
YM (a, z1)YM (b, z2)u
−zm0 zm1 εa,bz−10 δ
(
z2 − z1
−z0
)
YM (b, z2)YM (a, z1)u
= z−10 δ
(
z1 − z2
z0
)
(zm1 (z1 − z2)mYM (a, z1)YM (b, z2)u)
−εa,bz−10 δ
(−z2 + z1
z0
)
(zm1 (z1 − z2)mYM (b, z2)YM (a, z1)u)
= z−12 δ
(
z1 − z0
z2
)
εa,b (z
m
1 (z1 − z2)mYM (b, z2)YM (a, z1)u)
= z−11 δ
(
z2 + z0
z1
)
εa,b
(
z
− k
T
1 (z2 + z0)
mzm0 YM (b, z2)Y
o
M (a, z2 + z0)u
)
= z−11 δ
(
z2 + z0
z1
)
εa,b
(
z
− k
T
1 z
m
0 (z0 + z2)
mYM (b, z2)Y
o
M (a, z0 + z2)u
)
= z−12 δ
(
z1 − z0
z2
)(
z
− k
T
1 z
m
0 (z0 + z2)
mY oM (a, z0 + z2)YM (b, z2)u
)
= z−12 δ
(
z1 − z0
z2
)
z
− k
T
1 z
m
0 (z0 + z2)
m(z2 + z0)
k
T YM (Y (a, z0)b, z2)u
= zm0 z
m
1 z
−1
2 δ
(
z1 − z0
z2
)(
z2 + z0
z1
) k
T
YM (Y (a, z0)b, z2)u.
Multiplying by z−m0 z
−m
1 , we obtain the σ-twisted Jacobi identity. ✷
Remark 2.9. Since the twisted associativity follows from the supercommutativ-
ity and the iterate formula (2.32), the supercommutativity and the iterate formula
(2.32) imply the σ-twisted Jacobi identity.
Let a, b ∈ V be Z2-homogeneous such that [YM (a, z1), YM (b, z2)]± = 0. Then
YM (Y (a, z0)b, z2)
= Resz1
(
z2 + z0
z1
)− k
T
z−11 δ
(
z2 + z0
z1
)
(YM (a, z1)YM (b, z2))
= (z2 + z0)
− k
T Y oM (a, z2 + z0)YM (b, z2)
= YM (a, z2 + z0)YM (b, z2). (2.37)
Therefore
YM (a−1b, z2) = YM (a, z2)YM (b, z2). (2.38)
If a ∈ V is Z2-homogeneous such that [YM (a, z1), YM (a, z2)]± = 0, then
YM ((a−1)N1, z) = YM (a, z)N for any N ∈ Z+. (2.39)
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This is Dong and Lepowsky’s formula (13.70) in [DL] in the twisted case. Then we
have the following generalization of Proposition 13.16 in [DL].
Proposition 2.10. Let V be a vertex superalgebra, let M be a σ-twisted V -module
and let a ∈ V be a Z2-homogeneous element such that [YM (a, z1), YM (a, z2)]± =
0, so that Y (a, z)N is well defined for N ∈ Z+. Then YV (a, z)N = 0 implies
YM (a, z)
N = 0 on M . On the other hand, the converse is true if M is faithful.
Let σ be an automorphism of V and letM be a faithful σ-twisted V -module. Let
a, b, u0, u1, · · · , un ∈ V . It follows from Lemma 2.3 and the σ-twisted commutator
formula (2.31) that
[YM (a, z1), YM (b, z2)]± =
∞∑
j=0
1
j!
((
∂
∂z2
)j
z−11 δ
(
z2
z1
)(
z2
z1
) k
T
)
YM (u
j, z2) (2.40)
if and only if aib = u
j for 0 ≤ j ≤ n, aib = 0 for j > n. Since V is always a faithful
V -module, we have:
Lemma 2.11. Let V be a vertex superalgebra with an automorphism of order
T and let (M,YM ) be a faithful σ-twisted V -module. Let a, b, u
0, · · · , un be ZT -
homogeneous elements of V . Then
[YV (a, z1), YV (b, z2)]± =
∞∑
j=0
1
j!
((
∂
∂z2
)j
z−11 δ
(
z2
z1
))
YV (u
j, z2) (2.41)
if and only if (2.40) holds.
3. Local systems of twisted vertex operators
Let us first define three basic categories C, Co and Cℓ. The set of objects of the
category C is the set of Z2-graded vector spaces and the set of morphisms for any
two objects is the set of all Z2-homomorphisms. The set of objects of the category
Co consists of all pairs (M,d) where M is an object of the category C and d is an
endomorphism of the object M . If (Mi, di) (i = 1, 2) are two objects of C
o, then
a morphism is a morphism f from M1 to M2 such that d2f = fd1. Finally, Cℓ
is the category of Z2-graded vector spaces which are also restricted V ir-modules
with ℓ as its central charge and with the even subspace and the odd subspace as
submodules.
Throughout this section, T will be a fixed positive integer.
Definition 3.1. Let M be any Z2-graded vector space. A ZT -twisted weak vertex
operator on M is an element a(z) =
∑
n∈ 1
T
Z
anz
−n−1 ∈ (EndM)[[z 1T , z− 1T ]] such
that for any u ∈ M,anu = 0 for n ∈ 1T Z sufficiently large. Let (M,d) be an
object of the category Co. A ZT -twisted weak vertex operator a(z) on M is called a
ZT -twisted weak vertex operator on (M,d) if it satisfies the following condition:
[d, a(z)] = a′(z)
(
=
d
dz
a(z)
)
. (3.1)
Let M be an object of Cℓ. A ZT -twisted weak vertex operator a(z) on (M,L(−1))
is said to be of weight λ ∈ C if it satisfies the following condition:
[L(0), a(z)] = λa(z) + za′(z). (3.2)
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Denote by F (M,T ) (resp. F (M,d, T )) the space of all ZT -twisted weak vertex
operators on M (resp. (M,d)). Set ε = exp
(
2π
√−1
T
)
. Let σ be the endomorphism
of (EndM)[[z
1
T , z−
1
T ]] defined by: σf(z
1
T ) = f(ε−1z
1
T ). It is clear that σ restricted
to F (M,T ) is an automorphism of order T . Then
F (M,T ) = F (M,T )0 ⊕ F (M,T )1 ⊕ · · · ⊕ F (M,T )T−1, (3.3)
where F (M,T )k = {f(z) ∈ F (M,T )|σf(z) = εkf(z)} for 0 ≤ k ≤ T−1. Therefore,
F (M,T ) is Z2 × ZT -graded. If a(z) is a ZT -twisted weak vertex operator on M
(resp. (M,d)), then a′(z) =
d
dz
a(z) is a ZT -twisted weak vertex operator on M
(resp. (M,d)). Then we have an endomorphism D =
d
dz
:
D : F (M,T )→ F(M,T ); D · a(z) = d
dz
a(z) = a′(z). (3.4)
It is clear that Dσ = σD.
Definition 3.2. Two Z2-homogeneous ZT -twisted weak vertex operators a(z) and
b(z) are said to be mutually local if there is a positive integer n such that
(z1 − z2)na(z1)b(z2) = (−1)|a(z)||b(z)|(z1 − z2)nb(z2)a(z1). (3.5)
A ZT -twisted weak vertex operator a(z) is called a ZT -twisted vertex operator if a(z)
is local with itself. A Z2-graded subspace A of F (M,T ) is said to be local if any
two Z2-homogeneous elements of A are mutually local. We define a local system of
ZT -twisted vertex operators on M is a maximal Z2-graded local space of ZT -twisted
vertex operators on M .
It is clear that any local system A of F (M,T ) has a natural automorphism σ
such that σT = IdA.
Replacing n with n+ 1 in (3.5), then differentiating (3.5) with respect to z2 we
have:
Lemma 3.3. [Li] Let M be a Z2-graded vector space and let a(z) and b(z) be
mutually local ZT -twisted vertex operators on M . Then a(z) is local with b
′(z).
Remark 3.4. Let M be any Z2-graded vector space. Then the identity operator
I(z) = IdM is a ZT -twisted vertex operator which is mutually local with any ZT -
twisted weak vertex operator on M . Therefore, any local system of ZT -twisted vertex
operators on M contains I(z). It follows from Lemma 3.3 that any local system is
closed under the derivative operation D =
d
dz
.
Using the same proof for the untwisted case in [Li] we get:
Lemma 3.5. [Li] Let M be a restricted V ir-module of central charge ℓ. Then
L(z) =
∑
n∈Z L(n)z
−n−2 is a (local) ZT -twisted vertex operator (of weight two) on
M .
Remark 3.6. Let V be a vertex superalgebra with an automorphism σ of order T
and let (M,YM ) be a σ-twisted V -module. Then the image of V under the linear
map YM (·, z) is a local subspace of F (M,T ).
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Definition 3.7. Let M be a Z2-graded vector space and let a(z) and b(z) be mutu-
ally local ZT -twisted vertex operators on M such that a(z) ∈ F (M,T )k. Then for
any integer n we define a(z)nb(z) as an element of F (M,T ) as follows:
a(z)nb(z) = Resz1Resz0
(
z1 − z0
z
) k
T
zn0 ·X (3.6)
where
X = z−10 δ
(
z1 − z
z0
)
a(z1)b(z)− εa,bz−10 δ
(
z − z1
−z0
)
b(z)a(z1),
or, equivalently, a(z)nb(z) is defined by:
∑
n∈Z
(a(z)nb(z)) z
−n−1
0 = Resz1
(
z1 − z0
z
) k
T
·X. (3.7)
Remark 3.8. For any u ∈M , we have:
(a(z)nb(z))u
=
∞∑
i=0
(
k
T
i
)
(−1)iz
k
T
−i
1 z
k
T ·
· ((z1 − z)n+ia(z1)b(z)u− εa,b(−z + z1)n+ib(z)a(z1)u)
=
N∑
i=0
(
k
T
i
)
(−1)iz
k
T
−i
1 z
k
T ·
· ((z1 − z)n+ia(z1)b(z)u− εa,b(−z + z1)n+ib(z)a(z1)u) . (3.8)
Then it is clear that (a(z)nb(z))u ∈M((z)). Thus a(z)nb(z) ∈ F (M,T ). It follows
from the locality that a(z)nb(z) = 0 for n sufficiently large. Furthermore, for any
nonnegative integer n, we have:
z−10 δ
(
z1 − z2
z0
)(
z1 − z0
z2
)n
= z−10 δ
(
z1 − z2
z0
)
, (3.9)
z−10 δ
(−z2 + z1
z0
)(
z1 − z0
z2
)n
= z−10 δ
(−z2 + z1
z0
)
. (3.10)
Then (
z1 − z0
z2
)n
X = X. (3.11)
Since
(
z1 − z0
z2
)n
X exists for any integer n, (3.11) is true for any integer n. Then
the right hand side of (3.7) depends only on k mod TZ.
The proof of the following proposition is similar to the proof in the ordinary case
[Li], which was given by Professor Chongying Dong.
Proposition 3.9. Let a(z), b(z) and c(z) be Z2-graded ZT -twisted weak vertex
operators on M . If both a(z) and b(z) are local with c(z), then a(z)nb(z) is local
with c(z) for all n ∈ Z.
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Proof. Let r be a positive integer such that r + n > 0 and that the following
identities hold:
(z1 − z2)ra(z1)b(z2) = εa,b(z1 − z2)rb(z2)a(z1),
(z1 − z2)ra(z1)c(z2) = εa,c(z1 − z2)rc(z2)a(z1),
(z1 − z2)rb(z1)c(z2) = εb,c(z1 − z2)rc(z2)b(z1).
Assume a(z) ∈ F (M,T )i. Then we have
a(z)nb(z) = Resz1
∞∑
k=0
(−1)k
(
i
T
k
)
z
i
T
−k
1 z
− i
T
2 A
= Resz1
2r∑
k=0
(−1)k
(
i
T
k
)
z
i
T
−k
1 z
− i
T A, (3.12)
where A = (z1 − z)n+ka(z1)b(z)− εa,b(−z + z1)n+kb(z)a(z1). Since
(z − z3)4r
(
(z1 − z)n+ka(z1)b(z)c(z3)− εa,b(−z + z1)n+kb(z)a(z1)c(z3)
)
=
3r∑
s=0
(
3r
s
)
(z − z1)3r−s(z1 − z3)s(z − z3)r ·
· ((z1 − z)n+ka(z1)b(z)c(z3)− εa,b(−z + z1)n+kb(z)a(z1)c(z3))
=
3r∑
s=r+1
(
3r
s
)
(z − z1)3r−s(z1 − z3)s(z − z3)r ·
· ((z1 − z)n+ka(z1)b(z)c(z3)− εa,b(−z + z1)n+kb(z)a(z1)c(z3)) ·
=
3r∑
s=r+1
(
3r
s
)
(z − z1)3r−s(z1 − z3)s(z − z3)r ·
· ((z1 − z)n+kc(z3)a(z1)b(z)− εa,b(−z + z1)n+kc(z3)b(z)a(z1))
= (z − z3)4r
(
(z1 − z)n+kc(z3)a(z1)b(z)− εa,b(−z + z1)n+kc(z3)b(z)a(z1)
)
,
we have
(z − z3)4r(a(z)nb(z))c(z3) = (z − z3)4rc(z3)(a(z)nb(z)). ✷
Let A be any local systems of ZT -twisted vertex operators onM . Then it follows
from Remark 3.8 and Proposition 3.9 that a(z)nb(z) ∈ A for a(z) ∈ Ak, b(z) ∈ A.
Then for any a(z) ∈ Ak, b(z) ∈ A we define
YA(a(z), z0)b(z) =
∑
n∈Z
(a(z)nb(z))z
−n−1
0 . (3.13)
Linearly extending the definition of YA(·, z0) to any element of A, we obtain a linear
map:
YA(·, z0) : A→ (EndA)[[z0, z−10 ]]; a(z) 7→ YA(a(z), z0). (3.14)
Also notice that A contains the identity operator I(z) and that A is closed under
the derivative operation. For the rest of this section, A will be a fixed local system
of ZT -twisted vertex operators on M .
Lemma 3.10. For any a(z) ∈ A, we have
YA(I(z), z0)a(z) = a(z), YA(a(z), z0)I(z) = e
z0
∂
∂z a(z) = a(z + z0). (3.15)
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Proof. The proof of the first identity is the same as that in the untwisted case.
For the second one, without losing generality, we may assume that a(z) ∈ Ak. Then
YA(a(z), z0)I(z)
= Resz1
(
z1 − z0
z
) k
T
(
z−10 δ
(
z1 − z
z0
)
a(z1)I(z)− z−10 δ
(
z − z1
−z0
)
I(z)a(z1)
)
= Resz1
(
z1 − z0
z
) k
T
z−1δ
(
z1 − z0
z
)
a(z1)
= Resz1
(
z + z0
z1
)− k
T
z−11 δ
(
z + z0
z1
)
a(z1)
= Resz1(z + z0)
− k
T z−11 δ
(
z + z0
z1
)(
z
k
T
1 a(z1)
)
= Resz1(z + z0)
− k
T z−11 δ
(
z + z0
z1
)(
(z + z0)
k
T a(z + z0)
)
= a(z + z0)
= ez0
∂
∂z a(z). ✷ (3.16)
Lemma 3.11. For any a(z), b(z) ∈ A, we have:
∂
∂z0
YA(a(z), z0)b(z) = YA(a
′(z), z0)b(z) = YA(D(a(z)), z0)b(z). (3.17)
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Proof. By linearity, we may assume that a(z) ∈ F (M,T )k. Then we have
∂
∂z0
YA(a(z), z0)b(z)
=
∂
∂z0
Resz1
(
z1 − z0
z
) k
T
·
·
(
z−10 δ
(
z1 − z
z0
)
a(z1)b(z)− εa,bz−10 δ
(
z − z1
−z0
)
b(z)a(z1)
)
= Resz1
(
∂
∂z0
(
z1 − z0
z
) k
T
)
·
·
(
z−10 δ
(
z1 − z
z0
)
a(z1)b(z)− εa,bz−10 δ
(
z − z1
−z0
)
b(z)a(z1)
)
+Resz1
(
z1 − z0
z
) k
T
·
· ∂
∂z0
(
z−10 δ
(
z1 − z
z0
)
a(z1)b(z) + εa,bz
−2
0 δ
(
z − z1
−z0
)
b(z)a(z1)
)
= −Resz1
(
∂
∂z1
(
z1 − z0
z
) k
T
)
·
·
(
z−10 δ
(
z1 − z
z0
)
a(z1)b(z)− εa,bz−10 δ
(
z − z1
−z0
)
b(z)a(z1)
)
−Resz1
(
z1 − z0
z
) k
T
·
·
((
∂
∂z1
z−10 δ
(
z1 − z
z0
))
a(z1)b(z)− εa,b
(
∂
∂z1
z−10 δ
(
z − z1
−z0
))
b(z)a(z1)
)
= Resz1
(
z1 − z0
z
) k
T
(
z−10 δ
(
z1 − z
z0
)
a′(z1)b(z)− εa,bz−10 δ
(
z − z1
−z0
)
b(z)a′(z1)
)
= YA(a
′(z), z0)b(z). ✷ (3.18)
Proposition 3.12. Let M be an object of category Cℓ and let A be a local system
of ZT -twisted vertex operators on (M,L(−1)). Let a(z) ∈ Aj , b(z) ∈ Ak of weights
α and β, respectively. Then for any integer n, a(z)nb(z) ∈ Aj+k has weight (α +
β − n− 1).
Proof. It is enough to prove the following identities:
[L(−1), YA(a(z), z0)b(z)] = ∂
∂z
(YA(a(z), z0)b(z)), (3.19)
[L(0), YA(a(z), z0)b(z)]
= (α+ β)YA(a(z), z0)b(z) + z0
∂
∂z0
(YA(a(z), z0)b(z)) + z
∂
∂z
(YA(a(z), z0)b(z)).
(3.20)
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By definition we have:
∂
∂z
(YA(a(z), z0)b(z))
=
∂
∂z
Resz1
(
z1 − z0
z
) j
T
·
·
(
z−10 δ
(
z1 − z
z0
)
a(z1)b(z)− εa,bz−10 δ
(
z − z1
−z0
)
b(z)a(z1)
)
= Resz1
(
− j
T
)
z−1
(
z1 − z0
z
) j
T
·
·
(
z−10 δ
(
z1 − z
z0
)
a(z1)b(z)− εa,bz−10 δ
(
z − z1
−z0
)
b(z)a(z1)
)
+Resz1
(
z1 − z0
z
) j
T
·
·
(
−z−20 δ′
(
z1 − z
z0
)
a(z1)b(z) + εa,bz
−2
0 δ
′
(
z − z1
−z0
)
b(z)a(z1)
)
+Resz1
(
z1 − z0
z
) j
T
·
·
(
δ
(
z1 − z
z0
)
a(z1)b
′(z)− εa,bz−10 δ
(
z − z1
−z0
)
b′(z)a(z1)
)
= −Resz1
(
∂
∂z1
(
z1 − z0
z
) j
T
)(
z1 − z0
z
)
·
·
(
z−10 δ
(
z1 − z
z0
)
a(z1)b(z)− εa,bz−10 δ
(
z − z1
−z0
)
b(z)a(z1)
)
−Resz1
(
z1 − z0
z
) j
T
·
·
((
∂
∂z1
z−10 δ
(
z1 − z
z0
))
a(z1)b(z)−
(
∂
∂z1
z−10 δ
(
z1 − z
z0
))
b(z)a(z1)
)
+Resz1
(
z1 − z0
z
) j
T
·
·
(
z−10 δ
(
z1 − z
z0
)
a(z1)b
′(z)− εa,bz−10 δ
(
z − z1
−z0
)
b′(z)a(z1)
)
= Resz1
(
z1 − z0
z
) j
T
·
·
(
z−10 δ
(
z1 − z
z0
)
a′(z1)b(z)− εa,bz−10 δ
(
z − z1
−z0
)
b(z)a′(z1)
)
+Resz1
(
z1 − z0
z
) j
T
·
·
(
z−10 δ
(
z1 − z
z0
)
a(z1)b
′(z)− εa,bz−10 δ
(
z − z1
−z0
)
b′(z)a(z1)
)
= [L(−1), YA(a(z), z0)b(z)]
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and
[L(0), YA(a(z), z0)b(z)]
= Resz1
(
z1 − z0
z
) j
T
·
·
(
z−10 δ
(
z1 − z2
z0
)
[L(0), a(z1)b(z)]− εa,bz−10 δ
(
z − z1
−z0
)
[L(0), b(z)a(z1)]
)
= Resz1
(
z1 − z0
z
) j
T
·B
where
B = z−10 δ
(
z1 − z
z0
)
(a(z1)[L(0), b(z)] + [L(0), a(z1)]b(z))
−εa,bz−10 δ
(
z1 − z
z0
)
(b(z)[L(0), a(z1)] + [L(0), b(z)]a(z1))
= z−10 δ
(
z1 − z
z0
)
(βa(z1)b(z) + za(z1)b
′(z) + αa(z1)b(z) + z1a′(z1)b(z))
−z−10 δ
(
z1 − z
z0
)
(αb(z)a(z1) + z1b(z)a
′(z1) + βb(z)a(z1) + zb′(z)a(z1))
= z−10 δ
(
z1 − z
z0
)
(βa(z1)b(z) + za(z1)b
′(z) + αa(z1)b(z) + (z0 + z)a′(z1)b(z))
−z−10 δ
(
z1 − z
z0
)
(αb(z)a(z1) + (z0 + z)b(z)a
′(z1) + βb(z)a(z1) + zb′(z)a(z1)).
Using Lemma 3.10 we obtain
[L(0), YA(a(z), z0)b(z)]
= (α + β)YA(a(z), z0)b(z) + z
∂
∂z
(YA(a(z), z0)b(z)) + z0
∂
∂z0
(YA(a(z), z0)b(z)).
✷
Proposition 3.13. Let M be a Z2-graded vector space and let A be any local sys-
tem of ZT -twisted vertex operators on M . Then YA(a(z), z1) and YA(b(z), z2) are
mutually local on V for a(z), b(z) ∈ A.
Proof. By linearity, we may assume that a(z) ∈ Aj and b(z) ∈ Ak. Let c(z) ∈ A.
Then we have:
YA(a(z), z3)YA(b(z), z0)c(z)
= Resz1
(
z1 − z3
z
) j
T
z−13 δ
(
z1 − z
z3
)
a(z1)(YA(b(z), z0)c(z))
−εa,bεa,cz−13 δ
(−z + z1
z3
)
(YA(b(z), z0)c(z))a(z1)
= Resz1Resz4
(
z1 − z3
z
) j
T
(
z4 − z0
z
) k
T
· P
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where
P = z−13 δ
(
z1 − z
z3
)
z−10 δ
(
z4 − z
z0
)
a(z1)b(z4)c(z)
−εb,cz−13 δ
(
z1 − z
z3
)
z−10 δ
(−z + z4
z0
)
a(z1)c(z)b(z4)
−εa,bεa,cz−13 δ
(−z + z1
z3
)
z−10 δ
(
z4 − z
z0
)
b(z4)c(z)a(z1)
+εa,bεa,cεb,cz
−1
3 δ
(−z + z1
z3
)
z−10 δ
(−z + z4
z0
)
c(z)b(z4)a(z1).
Similarly, we have
YA(b(z), z0)YA(a(z), z3)c(z)
= Resz1Resz4
(
z1 − z3
z
) j
T
(
z4 − z0
z
) k
T
·Q
where
Q = z−13 δ
(
z1 − z
z3
)
z−10 δ
(
z4 − z
z0
)
b(z4)a(z1)c(z)
−εb,cz−13 δ
(−z + z1
z3
)
z−10 δ
(
z4 − z
z0
)
b(z4)c(z)a(z1)
−εa,bεa,cz−13 δ
(
z1 − z
z3
)
z−10 δ
(−z + z4
z0
)
a(z1)c(z)b(z4)
+εa,bεa,cεb,cz
−1
3 δ
(−z + z1
z3
)
z−10 δ
(−z + z4
z0
)
c(z)a(z1)b(z4).
Let k be any positive integer such that
(z1 − z4)ka(z1)b(z4) = εa,b(z1 − z4)kb(z4)a(z1).
Since
(z3 − z0)kz−13 δ
(
z1 − z2
z3
)
z−10 δ
(
z4 − z2
z0
)
= (z1 − z4)kz−13 δ
(
z1 − z2
z3
)
z−10 δ
(
z4 − z2
z0
)
, (3.21)
it is clear that locality of a(z) with b(z) implies the locality of YA(a(z), z1) with
YA(b(z), z2). ✷
Theorem 3.14. Let M be a Z2-graded vector space and let A be any local system
of ZT -twisted vertex operators on M . Then V is a vertex superalgebra with an
automorphism σ of order T and M is a natural σ-twisted A-module in the sense
YM (a(z), z1) = a(z1) for a(z) ∈ A.
Proof. It follows from Proposition 3.9, Lemmas 3.10 and 3.11, and Proposition
2.5 that A is a vertex superalgebra. It is clear that σ is an automorphism of
A. If we define YM (a(z), z0) = a(z0) for a(z) ∈ A, the twisted vertex operator
multiplication formula (3.6) becomes the twisted iterate formula for YM (·, z0). Since
the supercommutativity (3.5) and iterate formula imply the twisted Jacobi identity
(Lemma 2.10), YM (·, z0) satisfies the twisted Jacobi identity. Therefore, (M,YM )
is a σ-twisted A-module. ✷
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Let M be any Z2-graded vector space and let S be a set of Z2-homogeneous
mutually local ZT−twisted vertex operators on M . It follows from Zorn’s lemma
that there exists a local system A of ZT -twisted vertex operators on M containing
S. Let 〈S〉 be the vertex superalgebra generated by S inside A (which is a vertex
superalgebra). Since the “multiplication” (3.6) is canonical (which is independent
of the choice of the local system A), the vertex superalgebra 〈S〉 is canonical, so that
we may speak about the vertex superalgebra generated by S without any confusion.
Summarizing the previous argument, we have:
Corollary 3.15. Let M be any Z2-graded vector space. Then any set of mutually
local ZT -twisted vertex operators on M generates a (canonical) vertex superalgebra
with an automorphism σ of order T such that M is a σ-twisted module for this
vertex superalgebra.
Proposition 3.16. [Li] Let M be an object of the category Cℓ and let V be a local
system of ZT -twisted vertex operators on (M,L(−1)), which contains L(z). Then
the vertex operator L(z) is a Virasoro element of the vertex superalgebra V .
Proof. The proof is the same as the proof for untwisted case in [Li]. ✷
Proposition 3.17. Let V be a vertex superalgebra with an automorphism σ of or-
der T . Then giving a σ-twisted V -module (M,d) is equivalent to giving a vertex
superalgebra homomorphism from V to some local system of ZT -twisted vertex op-
erators on (M,d).
Proof. Let (M,d, YM ) be a σ-twisted V -module. Then V¯ = {YM (a, z)|a ∈ V }
is a set of mutually local ZT -twisted vertex operators on (M,d). By Zorn’s lemma,
there exist local systems which contain V¯ . Let A be any one of those. Then by
definition YM (·, z) is a linear map from V to A. For homogeneous a ∈ V j , b ∈ V
we have:
YM (·, z)(YV (a, z0)b)
= YM (YV (a, z0)b, z)
= Resz1
(
z1 − z0
z2
) j
T
·(
z−10 δ
(
z1 − z
z0
)
YM (a, z1)YM (b, z)− εa,bz−10 δ
(
z − z1
−z0
)
YM (b, z)YM (a, z1)
)
= YA(YM (a, z), z0)YM (b, z)
= YA(YM (·, z)(a), z0)YM (·, z)(b). (3.22)
By definition we have:
YM (·, z)(1V ) = YM (1, z) = IdM = I(z). (3.23)
Thus YM (·, z) is a vertex superalgebra homomorphism from V to A. Conversely,
let A be a local system of ZT -twisted vertex operators on M and let YM (·, z) be a
vertex superalgebra homomorphism from V to A. Then
YM (1, z) = YM (·, z)(1) = I(z) = IdM . (3.24)
Since A is a local system, for any a, b ∈ V , YM (a, z) and YM (b, z) satisfy the
supercommutativity (2.23). By reversing (3.22) we obtain the iterate formula for
YM (·, z). Since the twisted Jacobi identity follows from the supercommutativity
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and the iterate formula, YM (·, z) satisfies the twisted Jacobi identity. Therefore,
(M,YM ) is a σ-twisted V -module. ✷
4. Twisted modules for vertex operator superalgebras associated
to some infinite-dimensional Lie superalgebras
In this section, we shall use the machinery we built in Section 3 to study twisted
modules for vertex operator (super)algebras associated to the Neveu-Schwarz alge-
bra and an affine Lie superalgebra.
4.1. Twisted modules for the Neveu-Schwarz vertex operator superal-
gebra. Let us first recall the Neveu-Schwarz algebra (cf. [FFR], [KW], [T]). The
Neveu-Schwarz algebra is the Lie superalgebra
NS = ⊕m∈ZCL(m)⊕⊕n∈ZCG(n+ 1
2
)⊕ Cc (4.1)
with the following commutation relations:
[L(m), L(n)] = (m− n)L(m+ n) + m
3 −m
12
δm+n,0c, (4.2)
[L(m), G(n+
1
2
)] =
(
m
2
− n− 1
2
)
G(m+ n+
1
2
), (4.3)
[G(m+
1
2
), G(n− 1
2
)]+ = 2L(m+ n) +
1
3
m(m+ 1)δm+n,0c, (4.4)
[L(m), c] = 0, [G(n+
1
2
), c] = 0. (4.5)
Or, equivalently
[L(z1), L(z2)]=z
−1
1 δ
(
z2
z1
)
L′(z2) + 2z−21 δ
′
(
z2
z1
)
L(z2)+
ℓ
12
z−41 δ
(3)
(
z2
z1
)
, (4.6)
[L(z1), G(z2)] = z
−1
1 δ
(
z2
z1
)
∂
∂z2
G(z2) +
3
2
(
∂
∂z2
z−11 δ
(
z2
z1
))
G(z2), (4.7)
and
[G(z1), G(z2)]+ = 2z
−1
1 δ
(
z2
z1
)
L(z2) +
1
3
c
(
∂
∂z2
)2
z−11 δ
(
z2
z1
)
(4.8)
where L(z) =
∑
m∈Z L(m)z
−m−2 and G(z) =
∑
n∈ZG(n+
1
2 )z
−n−2.
By definition, NS(0) = ⊕m∈ZCL(m)⊕Cc and NS(1) = ⊕n∈ZCG(n+ 12 ). NS =
⊕n∈ 12ZNSn is a
1
2Z-graded Lie superalgebra by defining
degL(m) = m, deg c = 0, degG(n) = n for m ∈ Z, n ∈ 1
2
+ Z. (4.9)
We have a triangular decomposition NS = NS+ ⊕NS0 ⊕NS+ where
NS± =
∞∑
n=1
(CL(±n) + CG(±n∓ 1
2
)), NS0 = CL(0)⊕ Cc. (4.10)
Let M¯(c, 0) = M(c, 0)/〈G(− 12 )1〉, where M(c, 0) is the Verma module over NS
of central charge c and 〈G(− 12 )1〉 is the submodule generated by G(− 12 )1. It has
been proved ([KW], [Li]) that M¯(c, 0) has a natural vertex operator superalgebra
structure and any restricted NS-module of charge c is a weak M¯(c, 0)-module.
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Let V be any vertex superalgebra. Then the linear map σ: V → V ;σ(a + b) =
a−b for a ∈ V (0), b ∈ V (1), is an automorphism of V , which was called the canonical
automorphism [FFR]. It is easy to see that AutM¯(c, 0) = Z2 = 〈σ〉.
The Ramond algebraR [GSW] is the Lie superalgebra with a basis L(m), F (n), c
for m,n ∈ Z and with the following defining relations:
[L(m), L(n)] = (m− n)L(m+ n) + m
3 −m
12
δm+n,0c, (4.11)
[L(m), F (n)] = (
m
2
− n)F (m+ n), (4.12)
[F (m), F (n)]+ = 2L(m+ n) +
1
3
(m2 − 1
4
)δm+n,0c, (4.13)
[L(m), c] = [F (m), c] = 0 (4.14)
for m,n ∈ Z. Set
L(z) =
∑
m∈Z
L(m)z−m−2, F (z) =
∑
n∈Z
F (n)z−n−
3
2 . (4.15)
Then the defining relations (4.12) and (4.13) are equivalent to the following identi-
ties:
[L(z1), F (z2)]=z
−1
1 δ
(
z2
z1
)
F (z2)+
3
2
(
∂
∂z2
z−11 δ
(
z2
z1
)(
z2
z1
) 1
2
)
F (z2), (4.16)
[F (z1), F (z2)]+=2δ
(
z2
z1
)(
z2
z1
) 1
2
L(z1) +
2
3
(
∂
∂z2
)2(
δ
(
z2
z1
)(
z2
z1
) 1
2
)
. (4.17)
Let M be any restricted module for the Ramond algebra or the twisted Neveu-
Schwarz algebra R with central charge c. Then {L(z), F (z), I(z)} is a set of mu-
tually local homogeneous Z2-twisted vertex operators on M . Let V be the vertex
superalgebra generated by {L(z), F (z), I(z)}. Then M is a faithful σ-twisted V -
module. By Lemma 2.12, YV (L(z), z1) and YV (F (z), z1) satisfy the Neveu-Schwarz
relations (4.6) and (4.7). Then V is a lowest weight module for NS under the linear
map: L(m) 7→ L(z)m+1, G(n + 12 ) 7→ F (z)n, c 7→ c. Then V is a vertex operator
superalgebra, which is a quotient algebra of M¯(c, 0). Consequently, M is a weak
σ-twisted module for M¯(c, 0). Therefore, we have proved:
Proposition 4.1. Let c be any complex number. Then any restricted module for
the Ramond algebra R of central charge c is a weak σ-twisted M¯(c, 0)-module.
4.2. Twisted modules for vertex operator superalgebras associated to
affine Lie superalgebras. Let (g, B) be a pair consisting of a finite-dimensional
Lie superalgebra g = g(0) ⊕ g(1) such that [g(1),g(1)]+ = 0 and a nondegenerate
symmetric bilinear form B such that
B(g(0),g(1)) = 0, B([a, u], v) = −B(u, [a, v]) for a ∈ g(0), u, v ∈ g. (4.18)
This amounts to having a finite-dimensional Lie algebra g(0) with a nondegenerate
symmetric invariant bilinear form B0(·, ·) and a finite-dimensional g(0)-module g(1)
with a nondegenerate symmetric bilinear form B1(·, ·) such that
B1(au, v) = −B1(u, av) for any a ∈ g(0), u, v ∈ g(1). (4.19)
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The affine Lie superalgebra g˜ is defined to be C[t, t−1]⊗ g⊕Cc with the following
defining relations:
[am, bn] = [a, b]m+n +mδm+n,0B(a, b)c, (4.20)
[am, un] = −[un, am] = (au)m+n, (4.21)
[um, vn]+ = δm+n+1,0B(u, v)c, (4.22)
[c, g˜] = 0 (4.23)
for a, b ∈ g(0), u, v ∈ g(1) andm,n ∈ Z, where xm stands for tm⊗x. Or, equivalently
[a(z1), b(z2)] = z
−1
1 δ
(
z2
z1
)
[a, b](z2) + z
−2
1 δ
′
(
z2
z1
)
B(a, b)c, (4.24)
[a(z1), u(z2)] = z
−1
1 δ
(
z2
z1
)
(au)(z2), (4.25)
[u(z1), v(z2)]+ = B(u, v)z
−1
1 δ
(
z2
z1
)
c, (4.26)
[x(z), c] = 0 (4.27)
for any a, b ∈ g(0), u, v ∈ g(1), x ∈ g,m, n ∈ Z, where x(z) = ∑n∈Z xnz−n−1 for
x ∈ g. The even subspace and the odd subspace are:
g˜(0) = C[t, t−1]⊗ g(0) ⊕ C, g˜(1) = C[t, t−1]⊗ g(1). (4.28)
Furthermore, g˜ is a 12Z-graded Lie superalgebra with the degree defined as follows:
deg am = −m, deg un = −n+ 1
2
, deg c = 0 (4.29)
for any a ∈ g(0), u ∈ g(1),m, n ∈ Z. We have a triangular decomposition g˜ =
N+ ⊕N0 ⊕N−, where
N− = tC[t]⊗ g, N+ = t−1C[t−1]⊗ g(0) ⊕ C[t−1]⊗ g(1), N0 = g(0) ⊕ Cc. (4.30)
Let P = N− + N0 be a parabolic subalgebra. For any g(0)-module U and any
complex number ℓ, denote by M(g,B)(ℓ, U) the generalized Verma module or Weyl
module for g˜ with c acting as scalar ℓ. Namely, M(g,B)(ℓ, U) = U(g˜)⊗U(P ) U .
It has been proved ([KW],[Li]) that for any complex number ℓ, M(g,B)(ℓ,C) has
a natural vertex superalgebra structure and that any restricted g˜-module M of
level ℓ is a module for the vertex superalgebraM(g,B)(ℓ,C). Furthermore, if g
(0) is
simple and ℓ is not zero, then M(g,B)(ℓ,C) is a vertex operator superalgebra. For
any a ∈ g, we may identify a with a−11 ∈M(g,B)(ℓ,C), so that we may consider g
as a subspace of M(g,B)(ℓ,C).
An automorphism of (g, B) is an automorphism σ of the Lie superalgebra g,
which preserves the even and the odd subspaces and the bilinear form B. Let σ be
an automorphism of (g, B) of order T . Then we have:
g = g0 ⊕ g1 ⊕ · · · ⊕ gT−1 where gj = {u ∈ g|σu = εju}. (4.31)
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The twisted Lie superalgebra g˜[σ] is defined to be g˜[σ] = ⊕T−1j=0 gj ⊗ t
j
T C[t, t−1]⊕ Cc
with the following defining relations:
[tm+
j
T ⊗a, tn+ kT ⊗b]=tm+n+ j+kT ⊗[a, b]+B(a, b)
(
m+
j
T
)
δ
m+n+ j+k
T
,0c, (4.32)
[tm+
j
T ⊗ u, tn+ kT ⊗ v] = B(a, b)δ
m+n+1+ j+k
T
,0c, (4.33)
[c, g˜] = 0 (4.34)
for a ∈ (g(0))j , b ∈ gk, u ∈ (g(1))j , v ∈ (g(1))k. For a ∈ gj, set
a(z) =
∑
n∈Z
(tn+
j
T ⊗ a)z−n−1− jT ∈ (EndM)[[z 1T , z− 1T ]]. (4.35)
Then for a ∈ (g(0))j , b ∈ gk, u ∈ (g(1))j , v ∈ g(1), we have:
[a(z1), b(z2)]
=
∑
m,n∈Z
tm+n+
j
T
+ k
T ⊗ [a, b]z−m−1−
j
T
1 z
−n−1− k
T
2
+c(m+
j
T
)B(a, b)δm,−nδj,−kz
−m−1− j
T
1 z
−n−1− k
T
2
= z−11
(
z2
z1
) j
T
δ
(
z2
z1
)
[a, b](z2) +B(a, b)
∂
∂z2
(
z−11 δ
(
z2
z1
)(
z2
z1
) j
T
)
c, (4.36)
[u(z1), v(z2)]+ = B(u, v)z
−1
1 δ
(
z2
z1
)(
z2
z1
) j
T
c. (4.37)
For any g˜-module M , we may consider a(z) as an element of (EndM)[[z
1
T , z−
1
T ]]
for a ∈ g. A g˜[σ]-moduleM is said to be restricted if for any u ∈M ,
(
tn+
j
T ⊗ gj
)
u=
0 for n sufficiently large. Then a g˜[σ]-module M is restricted if and only if every
a(z) for a ∈ g is a weak ZT -twisted vertex operators on M . Let M be a re-
stricted g˜[σ]-module of level ℓ. It follows from (4.36), (4.37) and Lemma 2.2 that
{a(z)|a ∈ g} is a local subspace of F (M,T ). Let V be the vertex superalgebra
generated by {a(z)|a ∈ g} from the identity operator I(z). Then M is a faithful
σ-twisted V module. It follows from (4.36), (4.37) and Lemma 2.13 that V is a
g˜-module where am for a ∈ g,m ∈ Z is represented by a(z)m. It is easy to see
that V is a lowest weight g˜-module with a lowest weight vector I(z), so that V is a
quotient vertex superalgebra of M(g,B)(ℓ,C). Through the natural vertex superal-
gebra homomorphism, M becomes a σ-twisted M(g,B)(ℓ,C)-module. Thus we have
proved:
Theorem 4.2. Let (g, B) be a pair given as before, let σ be any automorphism
of order T of M(g,B)(ℓ,C) or (g, B) and let ℓ be any complex number. Then any
restricted g˜[σ]-module of level ℓ is a σ-twisted M(g,B)(ℓ,C)-module.
Next we shall consider two special cases.
Case 1. Let g(0) = 0 and let g(1) = A be an n-dimensional vector space with
a nondegenerate symmetric bilinear form B. It has been proved ([KW], [Li]) that
if ℓ 6= 0, M(g1,B)(ℓ,C) (= Fn [KW], [Li], or = CM(Z + 12 ) [DM1], [FFR]) is a
rational vertex operator superalgebra which has only one irreducible module up to
equivalence.
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Let σ be an automorphism of (A,B) of order T . Then
A = A0 ⊕ A2 ⊕ · · · ⊕AT−1 (4.38)
where Aj = {u ∈ A|σ(u) = εju}. Set
A˜[σ] = ⊕T−1j=0 t
j
T C[t, t−1]⊗Aj . (4.39)
We define a symmetric bilinear form on A˜[σ] as follows:
〈tm+ jT ⊗ a, tn+ kT ⊗ b〉 = B(a, b)δ
m+n+1+ j+k
T
,0 (4.40)
for a ∈ Aj , b ∈ Ak,m, n ∈ Z. Let C(A˜[σ]) be the Clifford algebra of A˜[σ] with
respect to this defined symmetric bilinear form.
Let M be any restricted C(A˜[σ])-module, i.e., for any u ∈M , (tn+ jT ⊗Aj)u = 0
for sufficiently large n. Then {u(z)|u ∈ A} is a local subspace of F (M,T ). Let V be
the vertex superalgebra generated by {u(z)|u ∈ A}. Then M is a faithful σ-twisted
V -module. By repeating our technique used in the first subsection, we see that V
is a module for C(A˜). Since V contains I(z), V is a lowest weight C(A˜)-module so
that V = Fn. Thus M is a σ-twisted Fn-module.
Next, we follow [DM1] or [FFR] to find the irreducible C(A˜[σ])-modules. For
u ∈ Aj , n ∈ Z, we define
deg(tn+
j
T ⊗ u) = −n− 1
2
− j
T
. (4.41)
Then A˜[σ] becomes a 1
T
Z-graded (resp. 12T Z-graded) space if T is even (resp. odd).
Let A˜[σ]± be the sum of homogeneous subspaces of positive or negative degrees and
let A˜[σ]0 be the degree-zero homogeneous subspace. Then A˜[σ]0 = 0 if T is odd,
A˜[σ]0 = t
− 12 ⊗AT
2
if T is even. Then A˜[σ]± are isotropic subspaces. Let Λ(A˜[σ]+)
be the exterior algebra of A˜[σ]+. If T is odd, there is no nonzero element of degree-
zero in the twisted Clifford algebra. Then it follows from the Stone-Von Neumann
theorem that Λ(A˜[σ]+) is the unique irreducible C(A˜[σ])-module and that if M is
a C(A˜[σ])-module such that for any u ∈M , there is a positive integer N such that
A˜[σ]N−u = 0, then M is a direct sum of some copies of Λ(A˜[σ]+).
If T = 2k is even, the situation is a little bit complicated. If dimAk = 2m
is even, we can decompose Ak = (Ak)+ ⊕ (Ak)− where (Ak)± are isotropic sub-
spaces of dimension m. Then it follows from the Stone-Von Neumann theorem
that Λ(A˜[σ]+⊕ (Ak)+) is the unique irreducible C(A˜[σ])-module up to equivalence,
so that Λ(A˜[σ]+ ⊕ (Ak)+) is the unique irreducible σ-twisted Fn-module up to
equivalence.
If dimAk = 2m+ 1 (m ∈ Z+) is odd, let e ∈ Ak such that 〈e, e〉 = 2. Then we
have:
Ak = Ce⊕ (Ak)+ ⊕ (Ak)− (4.42)
where (Ak)± are isotropic subspaces of dimension m such that 〈e, (Ak)±〉 = 0. Let
Λ(A˜[σ]+ ⊕ (Ak)+) = Λeven(A˜[σ]+ ⊕ (Ak)+)⊕ Λodd(A˜[σ]+ ⊕ (Ak)+). (4.43)
Let e act as (±1,∓1). Then we obtain two irreducible C(A˜[σ])-modules, so that
we get two irreducible σ-twisted Fn-modules. It is easy to prove that these are the
only irreducible modules, up to equivalence. Summarizing all the arguments, we
have:
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Proposition 4.3. Any restricted C(A˜[σ])-moduleM is a weak σ-twisted Fn-module.
Furthermore, if T is odd, Λ(A˜[σ]+) is the unique irreducible σ-twisted module for
the vertex operator algebra Fn; if T is even and dimAT
2
is even, Λ(A˜[σ]+⊕ (Ak)+)
is the unique irreducible σ-twisted Fn-module up to equivalence; if T is even and
dimAT
2
is odd, Fn has two irreducible σ-twisted modules.
Proposition 4.4. Let M be any σ-twisted weak Fn-module such that for any u ∈
M , there is a positive integer N such that A˜[σ]N−u = 0. Then M is a direct sum of
irreducible σ-twisted Fn-modules Λ(A˜[σ]+).
Case 2. Let g be a finite-dimensional simple Lie algebra with a fixed Cartan
subalgebra h. Let ∆ be the set of all roots, let Π be a set of simple roots, and let θ
be the highest root. Let 〈·, ·〉 be the normalized Killing form such that 〈θ, θ〉 = 2.
Then the Killing form is 2Ω〈·, ·〉, where Ω is the dual Coxeter number of g. Let σ be
an automorphism of g such that σT = Id. Then σ preserves the invariant bilinear
form. Denote by M(g,σ)(ℓ, λ) the Verma module for g˜[σ] with lowest weight λ of
level ℓ. Denote the irreducible quotient module by L(g,σ)(ℓ, λ).
Corollary 4.5. Let σ be any automorphism of order T of Mg(ℓ,C) or g and let ℓ
be any complex number such that ℓ 6= −Ω. Then any restricted g˜[σ]-module of level
ℓ is a weak σ-twisted Mg(ℓ,C)-module. In particular, each irreducible g˜[σ]-module
L(g,µ)(ℓ, λ) is a σ-twisted Mg(ℓ,C)-module.
In the next section we will study the σ-twisted module theory for the vertex
operator algebra Lg(ℓ, 0).
5. The semisimple twisted module theory for Lg(ℓ, 0)
Let g be a finite-dimensional simple Lie algebra with a fixed Cartan subalgebra
h and let ∆ be the set of roots. Fix a set Π of simple roots and let θ be the highest
root. Let 〈·, ·〉 be the normalized Killing form such that 〈θ, θ〉 = 2.
Let σ be an automorphism of g such that σT = 1. Then we may consider σ as
an automorphism of the vertex operator algebra Lg(ℓ, 0) for any ℓ 6= −Ω. In this
section, we first prove that there is a Dynkin diagram automorphism µ of g such
that the equivalence classes of σ-twisted Lg(ℓ, 0)-modules one-to-one correspond
to the equivalence classes of µ-twisted Lg(ℓ, 0)-modules. Then we prove that if ℓ
is a positive integer, then any lower truncated 1
T
Z-graded weak µ-twisted Lg(ℓ, 0)
module is completely reducible and that the set of equivalence classes of irreducible
µ-twisted Lg(ℓ, 0)-modules is just the set of equivalence classes of standard g˜[µ]-
modules of level ℓ.
Throughout this section, ℓ will be fixed a positive integer.
Recall the following proposition from [DL], [Li] or [MP] about untwisted repre-
sentation theory.
Proposition 5.1. Let e be any root vector of g with root α. If Lg(ℓ, λ) is an
integrable g˜-module, then e(z)tℓ+1 = 0 acting on Lg(ℓ, λ) where t = 1 if α is a long
root, t = 2 if α is a short root and g 6= g2, t = 3 if α is a short root and g = g2.
The following proposition was proved in [DL], [FZ] and [Li].
Proposition 5.2. LetM = ⊕n∈ZM(n) be any lower truncated Z-graded weak mod-
ule for Lg(ℓ, 0) as a vertex operator algebra. Then M is a direct sum of standard
g˜-modules of level ℓ.
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Recall the following theorem of Kac from [K]:
Proposition 5.3. Let g be a finite-dimensional simple Lie algebra, let h be a Car-
tan subalgebra and let Π = {α1, · · · , αn} be a set of simple roots. Let σ ∈ Autg be
such that σT = 1. Then σ is conjugate to an automorphism of g in the form
µexp
(
ad
(
2π
√−1
T
h
))
, h ∈ h0¯, (5.1)
where µ is a diagram automorphism preserving h and Π, h0¯ is the fixed-point set
of µ in h, and 〈αi, h〉 ∈ Z (i = 1, · · · , n).
If σ1 and σ2 are conjugate automorphisms of a vertex operator algebra V , then it
is clear that the equivalence classes of σ1-twisted V -modules one-to-one correspond
to the equivalence classes of σ2-twisted V -modules (see also [DM1]). By Proposition
5.3, we only need to study the twisted module theory for the automorphisms in
form (5.1). Let G(g) be the subgroup of Autg generated by all Dynkin diagram
automorphisms of g. Then G(g) = Zk where k = 1 for Bn, Cn, Gn, k = 2 for
An, Dn, En (n 6= 4); k = 3 for D4 [K].
Let V be a vertex (operator) superalgebra. A derivation ([B], [Lia]) of V is an
endomorphism f of V such that
f(Y (u, z)v) = Y (f(u), z)v + Y (u, z)f(v) for any u, v ∈ V. (5.2)
Let f be a derivation of V . Then
ez0fY (u, z)v = Y (ez0fu, z)ez0fv for any u, v ∈ V. (5.3)
If a derivation f of V is locally finite on V , i.e., for any u ∈ M , {f ju|j ∈ Z+}
linearly spans a finite-dimensional subspace of M , then ef is an automorphism of
V .
Let a be an even element of V . Then a0 (the zero mode of the vertex operator
Y (a, z)) is a derivation of V . Let V be a vertex operator superalgebra and let a
be an even element of V with weight k ≤ 1. Since wta0 = k − 1 ≤ 0, by the two
grading-restriction assumptions on V , a0 is a locally finite derivation on V . Then
ea0 is an automorphism of V except that ea0 may change the Virasoro element ω.
Furthermore, let a be a primary element. Then
a0ω = ReszY (a, z)ω = Resze
zL(−1)Y (ω,−z)a = (k − 1)L(−1)a. (5.4)
Therefore, if a is an even weight-one primary element of a vertex operator super-
algebra V , then ea0ω = ω, so that ea0 is an automorphism of V . Furthermore,
suppose that a0 is semisimple on V . Then e
a0 is of finite-order if and only if there
is a positive integer T such that Spec (a0) ⊆ 2πi
T
Z.
Let V be a vertex operator superalgebra, let σ be an automorphism of order S
of V and let h ∈ V be an even element such that
L(n)h = δn,0h, σ(h) = h, [hm, hn] = 0 for m,n ∈ Z+. (5.5)
Furthermore, we assume that h(0) is semisimple on V such that Spec h(0) ⊆ 1
T
Z
for some positive integer T . Then σh = exp(2π
√−1h(0)) is an automorphism of
V such that σTh = 1. Since σ(h) = h, we get σh(0) = h(0)σ. Let (M,YM ) be a
σ-twisted V -module. For any a ∈ V , we define
Y¯M (a, z) = YM
(
zh(0) exp
( ∞∑
n=1
h(n)
−n (−z)
−n
)
a, z
)
. (5.6)
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Proposition 5.4. (M, Y¯M (·, z)) is a weak (σσh)-twisted V -module.
Proof. For any a ∈ V , it follows from the grading-restriction assumptions on
V that ∆(z)a is a finite sum of rational powers of z, so that Y¯M (a, z) satisfies the
truncation condition. Next, we check the L(−1)-derivative property. Set
∆(z) = zh(0) exp
( ∞∑
n=1
h(n)
−n (−z)
−n
)
. (5.7)
Notice that ∆(z) is invertible. By the definition of ∆(z), we get
d
dz
∆(z) =
(
−
∞∑
n=0
h(n)(−z)−n−1
)
∆(z). (5.8)
Since [L(−1), h(0)] = 0 and
[L(−1),
∞∑
n=1
h(n)
−n (−z)
−n] =
∞∑
n=1
h(n− 1)(−z)−n =
∞∑
n=0
h(n)(−z)−n−1, (5.9)
we get
[L(−1),∆(z)] =
( ∞∑
n=1
h(n− 1)(−z)−n
)
∆(z) =
( ∞∑
n=0
h(n)(−z)−n−1
)
∆(z). (5.10)
Therefore
d
dz
Y¯M (a, z) =
d
dz
YM (∆(z)a, z)
= YM
(
d
dz
∆(z)a, z
)
+
∂
∂z0
YM (∆(z)a, z0)|z0=z
= YM
(
d
dz
∆(z)a, z
)
+ YM (L(−1)∆(z)a, z)
= YM
((
d
dz
∆(z) + [L(−1),∆(z)]
)
a, z
)
+ Y¯M (L(−1)a, z)
= Y¯M (L(−1)a, z). (5.11)
For the (σσh)-twisted Jacobi identity, let us assume that σa = ε
j
Sa and h(0)a =
k
T
a.
Then
z−10 δ
(
z1 − z2
z0
)
Y¯M (a, z1)Y¯M (b, z2)− εa,bz−10 δ
(
z2 − z1
−z0
)
Y¯M (b, z2)Y¯M (a, z1)
= z−10 δ
(
z1 − z2
z0
)
YM (∆(z1)a, z1)YM (∆(z2)b, z2)
−εa,bz−10 δ
(
z2 − z1
−z0
)
YM (∆(z2)b, z2)YM (∆(z1)a, z1)
= z−12 δ
(
z1 − z0
z2
)(
z1 − z0
z2
)− j
S
YM (Y (∆(z1)a, z0)∆(z2)b, z2). (5.12)
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Our desired Jacobi identity is:
z−10 δ
(
z1 − z2
z0
)
Y¯M (a, z1)Y¯M (b, z2)− εa,bz−10 δ
(
z2 − z1
−z0
)
Y¯M (b, z2)Y¯M (a, z1)
= z−12 δ
(
z1 − z0
z2
)(
z1 − z0
z2
)− j
S
− k
T
Y¯M (Y (a, z0)b, z2)
= z−12 δ
(
z1 − z0
z2
)(
z1 − z0
z2
)− j
S
− k
T
YM (∆(z2)Y (a, z0)b, z2). (5.13)
Therefore, it is equivalent to prove:
z−12 δ
(
z1 − z0
z2
)(
z1 − z0
z2
)− j
S
− k
T
∆(z2)Y (a, z0)
= z−12 δ
(
z1 − z0
z2
)(
z1 − z0
z2
)− j
S
Y (∆(z1)a, z0)∆(z2), (5.14)
or
z−12 δ
(
z1 − z0
z2
)(
z1 − z0
z2
)− j
S
− k
T
∆(z2)Y (a, z0)∆(z2)
−1
= z−12 δ
(
z1 − z0
z2
)(
z1 − z0
z2
)− j
S
Y (∆(z1)a, z0). (5.15)
From the commutator formula, we have
[h(n), Y (a, z0)] =
∞∑
i=0
(
n
i
)
zn−i0 Y (h(i)a, z0). (5.16)
Then
[
∞∑
n=1
h(n)
−n (−z2)
−n, Y (a, z0)]
= −
∞∑
n=1
∞∑
i=0
1
n
(
n
i
)
(−z2)−nzn−i0 Y (h(i)a, z0)
= −
∞∑
n=1
1
n
(−z2)−nzn0 Y (h(0)a, z0)
−
∞∑
i=1
∞∑
n=1
1
i
(
n− 1
i− 1
)
(−z2)−nzn−i0 Y (h(i)a, z0)
= log
(
1 +
z0
z2
)− k
T
Y (a, z0) +
∞∑
i=1
(−z2 − z0)−i
−i Y (h(i)a, z0). (5.17)
LOCAL SYSTEMS OF TWISTED VERTEX OPERATORS 29
Thus
exp
( ∞∑
n=1
h(n)
−n (−z2)
−n
)
Y (a, z0) exp
(
−
∞∑
n=1
h(n)
−n (−z2)
−n
)
= Y
((
exp log
(
1 +
z0
z2
) k
T
exp
∞∑
i=1
(−z2 − z0)−i
−i h(i)
)
a, z0
)
=
(
1 +
z0
z2
) k
T
Y
(
(z2 + z0)
−h(0)∆(z2 + z0)a, z0
)
= z
− k
T
2 Y (∆(z2 + z0)a, z0) . (5.18)
Since [h(0), Y (a, z0)] = Y (h(0)a, z0), we get:
zh(0)Y (a, z0)z
−h(0) = Y (zh(0)a, z0). (5.19)
Therefore
∆(z2)Y (a, z0)∆(z2)
−1 = z−
k
T
2 Y
(
z
h(0)
2 ∆(z2 + z0)a, z0
)
= Y (∆(z2 + z0)a, z0) . (5.20)
Then
z−12 δ
(
z1 − z0
z2
)(
z1 − z0
z2
)− j
S
− k
T
∆(z2)Y (a, z0)∆(z2)
−1
= z−11 δ
(
z2 + z0
z1
)(
z2 + z0
z1
) j
S
+ k
T
Y (∆(z2 + z0)a, z0)
= z−11 δ
(
z2 + z0
z1
)(
z2 + z0
z1
) j
S
Y (∆(z1)a, z0) . (5.21)
Therefore, the (σσh)-twisted Jacobi identity holds. Thus (M, Y¯ ) is a weak (σσh)-
twisted V -module. ✷
Remark 5.5. Since ∆(z) is invertible, (M, Y¯ ) is irreducible if (M,Y ) is irreducible.
In particular, if σ = IdV , any σh-twisted V -module can be constructed from a V -
module. Proposition 5.4 also gives an isomorphism between the twisted affine Lie
algebras g˜[µ] and g˜[µσh]. Although Proposition 5.4 is only about an inner auto-
morphism, we believe that it has more interesting applications. We will study this
subject in a coming paper.
From Propositions 5.3 and 5.4, it is enough for us to study the µ-twisted module
theory for Lg(ℓ, 0). Notice that g0 is a simple subalgebra of g [K]. For any linear
functional λ on h0, denote by L(g,µ)(ℓ, λ) the irreducible lowest weight g˜[µ]-module
of level ℓ with lowest weight λ. Recall from [K] that θ0 is the highest weight of g1
with respect to the Cartan subalgebra of g0 and that eθ0 is a root vector.
Proposition 5.6. An irreducible g˜[µ]-module L(g,µ)(ℓ, λ) is a µ-twisted module for
the vertex operator algebra Lg(ℓ, 0) if and only if it is a standard g˜[µ]-module.
Proof. For any a ∈ gj , by considering a(z) =
∑
n∈Z(t
n+ j
T ⊗ a)z−n−1− jT
as an element of F (Lg,µ(ℓ, λ), T ), we obtain a local subspace {a(z)|a ∈ g} of
F (L(g,µ)(ℓ, λ), T ). Let V be the vertex algebra generated by {a(z)|a ∈ g}. Be-
ing a quotient vertex algebra of the vertex operator algebraMg(ℓ,C), V is a vertex
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operator algebra. Then L(g,µ)(ℓ, λ) is a µ-twisted Lg(ℓ, 0)-module if and only if
V = Lg(ℓ, 0). It follows from [Li] that V = Lg(ℓ, 0) if and only if YV (eθ, z)
ℓ+1 = 0
on V . Since L(g,µ)(ℓ, λ) is a faithful µ-twisted V -module, it follows from Proposition
2.12 that YV (eθ, z)
ℓ+1 = 0 on V if and only if YM (eθ, z)
ℓ+1 = 0 forM = L(g,µ)(ℓ, λ).
Then we only need to prove that YM (eθ, z)
ℓ+1 = 0 on L(g,µ)(ℓ, λ) if and only if
L(g,µ)(ℓ, λ) is an integrable g˜[µ]-module.
If L(g,µ)(ℓ, λ) is an integrable g˜[µ]-module, then it is an integrable g˜
θ-module. By
Proposition 5.1, we have: YM (eθ, z)
ℓ+1 = 0 for M = L(g,µ)(ℓ, λ). Then L(g,µ)(ℓ, λ)
is a µ-twisted module for the vertex operator algebra Lg(ℓ, 0). Conversely, suppose
that L(g,µ)(ℓ, λ) is a µ-twisted Lg(ℓ, 0)-module. From the untwisted theory [Li]
L(g,µ)(ℓ, λ) is an integrable g˜0-module. By Proposition 5.1, Y (eθ0 , z) is nilpotent
on Lg(ℓ, 0). By Proposition 2.12, Y (eθ0 , z) is nilpotent on L(g,µ)(ℓ, λ). Therefore,
L(g,µ)(ℓ, λ) is an integrable g˜[µ]-module. ✷
Let us recall a complete reducibility theorem of Kac’s (Theorem 10.7 [K]).
Proposition 5.7. Let g(A) be a Kac-Moody algebra associated to a symmetrilizable
generalized Cartan matrix A of rank n, let ei, fi, hi (i = 1, · · · , n) be the Chevalley
generators for the derived subalgebra g′(A) and let g(A) = g(A)+ ⊕H ⊕ g(A)− be
the triangular decomposition. Let M be a g′(A)-module such that for any u ∈ M
there is a positive integer k such that
g(A)k+u = 0, f
k
i u = 0 for i = 1, · · · , n. (5.22)
Then M is a direct sum of irreducible highest weight integrable g′(A)-modules.
For our purpose, we are only concerned about (both twisted and untwisted)
affine Lie algebras. Let g be a finite-dimensional simple Lie algebra, let µ be a
Dynkin diagram automorphism of order T of g and let g˜[µ] be the corresponding
twisted affine Lie algebra as before. Then we have the following modified complete
reducibility theorem.
Proposition 5.8. Let g˜[µ] be the twisted affine Lie algebra as above and let M be
a g˜[µ]-module such that for any u ∈ M , there are positive integers k and r such
that
g˜[µ]k+u = 0, eα(z)
rM = 0 (5.23)
where α is a root of g0, eα is a root vector of root α. Then M is a direct sum of
irreducible highest weight integrable g˜[µ]-modules (of level less than r).
Proof. For such a g˜[µ]-module M , we set
Ω(M) = {u ∈M |g˜[µ]+u = 0}. (5.24)
Then Ω(M) 6= 0 if M 6= 0. It is also clear that Ω(M) is a g0-module. Since
eα(z)
rΩ(M) = 0, by considering the coefficient of z−r we obtain eα(0)rΩ(M) = 0.
It follows from Proposition 5.1.5 [Li] that Ω(M) is a direct sum of finite-dimensional
irreducible g0-modules. Let u be a highest weight vector of Ω(M) as a g0-module.
Then by considering the constant term of eα(z)
ru = 0 for a positive root α we
obtain eα(−1)ru = 0. Thus the submodule Mo ofM generated by g˜[µ] from Ω(M)
satisfies the conditions assumed in Proposition 5.7, so that Mo is a direct sum of
irreducible highest weight integrable g˜[µ]-modules.
Next we shall prove that M = Mo. Suppose M 6= Mo. Then Ω(M/Mo) 6= 0,
so that (M/Mo) has a (nonzero) irreducible highest weight integrable submodule
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M1/Mo. It is easy to see that M1 satisfies the conditions assumed in Proposition
5.7. ThusM1 is completely reducible, so thatM1 =Mo⊕W whereW is a standard
module. But by definition the highest weight vectors of W are contained in Mo.
This is a contradiction. ✷
Theorem 5.9. LetM be a µ-twisted weak Lg(ℓ, 0)-module such that for any u ∈M
there is a positive integer k such that g˜[µ]k+u = 0. Then M is a direct sum of
irreducible µ-twisted Lg(ℓ, 0)-modules, which are standard g˜[µ]-modules of level ℓ.
Proof. It follows directly from Propositions 5.1, 5.6 and 5.8. ✷
Since any lower truncated 1
T
Z-graded weak σ-twisted Lg(ℓ, 0)-moduleM satisfies
the conditions of Theorem 5.9, we have:
Corollary 5.10. Any lower truncated 1
T
Z-graded weak σ-twisted Lg(ℓ, 0)-module
M is a direct sum of standard g˜[σ]-modules of level ℓ.
By Proposition 5.4 and Remark 5.5 we have:
Theorem 5.11. Let σ be any automorphism of finite order of g and let M be any
weak σ-twisted Lg(ℓ, 0)-module such that for any u ∈ M there is a positive integer
k such that g˜[σ]k+u = 0. Then M is completely reducible and there are only finite
many irreducible σ-twisted Lg(ℓ, 0)-modules up to equivalence.
For the rest of this section, we apply Proposition 5.4 to the study of certain
twisted F2n-modules. Following [DM1], let A = A+⊕A− and define G = GL(A+).
For any σ ∈ G, we define an action of σ on A− by:
〈u, σv〉 = 〈σ−1u, v〉 for any u ∈ A+, v ∈ A−. (5.25)
Then G acts on A such that G preserves the bilinear form on A. For σ ∈ G of order
T , let {a1,σ, · · · , an,σ} be a basis of A+ such that
σai,σ = ε
ni,σai,σ (5.26)
where 0 ≤ ni,σ < T for each 1 ≤ i ≤ n. Let {a∗1,σ, · · · , a∗n,σ} be a dual basis of A−
so that 〈ai,σ , a∗j,σ〉 = δi,j . Then
σa∗i,σ = ε
−ni,σa∗i,σ. (5.27)
Set
hσ =
1
T
n∑
j=1
nj,σ(aj,σ)−1a∗j,σ. (5.28)
Then hσ is an even weight-one element of F
2n. For any a, b, c ∈ A, we have:
(a−1b)0c
= Resz1Resz2
(
(z1 − z2)−1Y (a, z1)Y (b, z2) + (−z2 + z1)−1Y (b, z2)Y (a, z1)
)
c
=
∞∑
r=0
(a−r−1brc− b−r−1arc)
= a−1b0c− b−1a0c
= 〈b, c〉a− 〈a, c〉b. (5.29)
Then
hσ(0)ai,σ =
1
T
ni,σai,σ, hσ(0)a
∗
i,σ = −
1
T
ni,σa
∗
i,σ. (5.30)
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Since A generates the vertex operator superalgebra F2n, we have:
σ = exp
(
2π
√−1hσ(0)
)
. (5.31)
(See [DM1].) Then as a corollary of Proposition 5.4, we have the following propo-
sition of Dong and Mason [DM1]:
Proposition 5.12. For any σ ∈ G, up to equivalence there is only one irreducible
σ-twisted F2n-module. Furthermore, it can be constructed by using Proposition 5.4
from the adjoint F2n-module.
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